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�� 7KH�LQYHUVH�SROH�ILJXUHV�DQVZHU�IRU�WKH�TXHVWLRQ��³ : KDW�FU\ VWDOORJUDSKLF�SODQHV�
DUH�SUHIHUHQWLDOO\ �SHUSHQGLFXODU�WR�WKH�VRPH�VDPSOH�GLUHFWLRQ́ ��,QWHQVLW\ �RI�LQYHUVH�SROH�
ILJXUH� GHSHQG� RQ� QXPEHUV� RI� FU\ VWDO� SODQHV� ^KNÒ� SHUSHQGLFXODU� WR� FKRVHQ� VDPSOH�
GLUHFWLRQ�� ; <=! ��7KLV�VDPSOH�GLUHFWLRQ�LV�LQSXW�WR�/ DER7H[ �E\ �XVHU�GXULQJ�LQYHUVH�SROH�
ILJXUH� FDOFXODWLRQ�� / DER7H[ � FDQ� FDOFXODWH� LQYHUVH� SROH� ILJXUHV� IRU� PDQ\ � GLUHFWLRQV�
GHILQHG�RQ�WKH�EDVLV�RI�VDPSOH�D[ HV� IUDPH�� ' LUHFWLRQV� � ; <=! �DUH�GHWHUPLQHG�RQ�WKH�
VLPLODU�UXOH�DV�FU\ VWDOORJUDSKLF�� 8 9 : ! ��ZKHUHDW�XQLWV�IRU�D[ HV�; �< �DQG�=�DUH�WKH�VDPH��
7KH� PRVW� LPSRUWDQW� DUH� LQYHUVH� SROH� ILJXUH� FDOFXODWHG� IRU� GLUHFWLRQV� SDUDOOHO� WR�
GLUHFWLRQV�RI�VDPSOH�FRRUGLQDWH�V\ VWHP��; <=�����
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( [ DP SOH�RI�WKH�&RP SOHWH�,QYHUVH�3ROH�) LJXUH��RULHQWDWLRQ�GLVWULEXWLRQ�RI�� � � �RU�1 ' �
VDP SOH�D[ LV��� � � �DQG�� � � �� �FU\ VWDOORJUDSKLF�D[ LV��,Q�FHQWHU���� � � �FU\ VWDOORJUDSKLF�D[ LV��
�
3DUWLDO�,QYHUVH�3ROH�) LJXUH��� ,QYHUVH�3ROH�) LJXUH�LQ�%DVLF�5HJLRQ�����
RULHQWDWLRQ� GLVWULEXWLRQ� RI� D� VDPSOH� D[ LV� RU� ; <=� GLUHFWLRQ� RQ� D� VWDQGDUG�
VWHUHRJUDSKLF� WULDQJOH� �HOLPLQDWH� RI� UHGXQGDQW� LQIRUPDWLRQ� RI� FRPSOHWH� ,3) ���
7KH�LFRQ���������FKDQJH�,3) �YLVXDOL] DWLRQ�IURP�FRPSOHWH�WR�SDUWLDO���
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VDP SOH�D[ LV��� � � ��� � � �DQG�� � � �� �FU\ VWDOORJUDSKLF�GLUHFWLRQ��
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3ODQH�LQ�0 LOOHU�1 RWDWLRQ��^KNÒ�
' LUHFWLRQ�LQ�0 LOOHU�1 RWDWLRQ�� XYZ! �
,I�WKH�GLUHFWLRQ�� XYZ! �OLHV�LQ�WKH�SODQH�^KNÒ��WKHQ���
����������������KX�� �NY�� �OZ� �� ��� : HLVV�=RQH�/ DZ�±�WUXH�LQ�DOO�FU\ VWDO�V\ VWHPV��
,Q�KH[ DJRQDO�V\ VWHP�� XYZ! �GLUHFWLRQ�LQ�0 LOOHU�1 RWDWLRQ�LV�QRW�SHUSHQGLFXODU�WR�
^XYZ`SODQH�DV�LQ�FXELF�V\ VWHP��
) RU�H[ DPSOH��WKH�^� � � ` �SODQH�LV�SHUSHQGLFXODU�WR�GLUHFWLRQ�� � � � ! ��QRW�� � � � ! �DV�
LQ�FXELF�V\ VWHP���
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LQ�WKH�OHIW�VLGH�RI�LQYHUVH�SROH�ILJXUH��LW�LV�PDUNHG�UHG�OLQH���
�
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����������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
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�
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�
,QWHQVLW\ � RI� LQYHUVH� SROH� ILJXUH� GHSHQG� RQ� QXPEHUV� RI� FU\ VWDO� SODQHV� ^KNÒ�
SHUSHQGLFXODU�WR�FKRVHQ�VDPSOH�GLUHFWLRQ��� ; <=! ���2 Q�WKH�LQYHUVH�SROH�ILJXUH�WKH�SODQH�
LV� UHSUHVHQWHG� E\ � GLUHFWLRQ� SHUSHQGLFXODU� IRU� WKLV� SODQH� �: DUQLQJ�� SOHDVH� UHPHPEHU�
GXULQJ� DQDO\ VLV� WKDW� LQ� KH[ DJRQDO� V\ VWHP� WKH� SODQH� DQG� WKH� GLUHFWLRQ� KDYH� WKH� VDPH�
LQGLFHV�LQ�0 LOOHU�%UDYDLV� �QRWDWLRQ�� ,Q�WKUHH�LQGLFHV�QRWDWLRQ� ��0 LOOHU�QRWDWLRQ� ��SODQH�
DQG�GLUHFWLRQ�SHUSHQGLFXODU�WR�WKLV�SODQH�KDYH�XVXDOO\ �GLIIHUHQW�LQGLFHV����) RU�H[ DPSOH��
IURP�GHILQLWLRQ�RI�^KNÒ� XYZ! ��^KNÒ�LV�D�FU\ VWDOORJUDSKLF�SODQH�SDUDOOHO�ZLWK�WKH�SODQH�
RI�WKH�UROOLQJ� �RU�RWKHU�UHIHUHQFH�SODQH� ; < ��� � XYZ! �LV�D�FU\ VWDOORJUDSKLF�GLUHFWLRQ�LQ�
WKLV� SODQH� DQG� SDUDOOHO� ZLWK� WKH� UROOLQJ� GLUHFWLRQ�� +HQFH� LQ� KH[ DJRQDO� V\ VWHP�� LI�
SUHIHUUHG� RULHQWDWLRQ� LV� ^KNÒ� XYZ! � WKHQ� SODQH� ^KNÒVKRXOG� EH� GRPLQDWLQJ� RQ� WKH�
LQYHUVH�SROH�ILJXUH�ZKLFK�VKRZV�GLVWULEXWLRQ�RI�GLUHFWLRQV�SDUDOOHO�WR�QRUPDO�GLUHFWLRQ�
�� � � ��1 ' � ��$ V�LW�LV�VKRZQ�RQ�WKH�ILJXUH�EHORZ��LQ�WKH�FDVH�RI�RULHQWDWLRQ�^� � � ` � � � � ! ��
WKH� PD[ LPXP� RI� WKH� SODQH� ^� � � ` � VKRXOG� REVHUYH� �EDVDO� SODQH� LV� PDUNHG� E\ � \ HOORZ�
FRORU����
�
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2 ULHQWDWLRQ� �̂ � � `� � � � ! �
�
�

%HORZ��\ RX�FDQ�VHH�WKLV�PD[ LPXP�RQ�WKH�LQYHUVH�SROH�ILJXUH�ZKLFK�ZHUH�FDOFXODWHG�IRU�
PRGHO�ZKLFK�KDYH�� � � � �YROXPH�IUDFWLRQ�RI�^� � � ` � � � � ! �FRPSRQHQW�DQG�) : +0 �HTXDO�
� � �GHJUHHV��

�
�

�
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� � �

�
�
3ROH�ILJXUHV��� � � � ���� � � � �DQG��� � � ��IRU�RULHQWDWLRQ�^� � � ` � � � � ! �VKRZ�SRVLWLRQ�RI�EDVDO�
SODQHV�^� � � � ` �� ILUVW�RUGHU�SULVP�SODQHV�^� � �� � ` �DQG�VHFRQG�RUGHU�SULVP�SODQHV�^� � � �
� � ` ��
�
�

�������� ��������������������������� �

����������������������������������������������������� �
�

,Q� FDVH� RI� LQYHUVH� SROH� ILJXUHV� IRU� 5 ' � DQG� 7' � GLUHFWLRQV� �; <= � � � � ! � DQG�
; <= � � � � ! � � ZH� FDQ� REVHUYH� WKH� GLIIHUHQW� SRVLWLRQV� RI� PD[ LPXP� IRU� RULHQWDWLRQ�
^� � � ` � � � � ! ��7KH�SODQH�SHUSHQGLFXODU�WR�; �D[ LV�LV�^� � � �� � ` ��
�
�

;

?=@BA,CEDBF�G�HJIKIK@�L-MON�FPDRQ:CEASCEDEQUT

V,FWT<XSGYQ:HZIKIK@�L[MYN-FUD*Q:CEA,CEDBQZT

; �

; �

<

; �

; �

\B] ^ _W_

^Z` a

b>c>c3c8d=e

b=c>cfd�e
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g
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KHQFH�WKH��PD[ LPXP�LQWHQVLW\ �LV�REVHUYHG�IRU�GLUHFWLRQ�HTXDO�>� � � @�DV�DOVR�RQ�
V\ PPHWULFDOO\ �HTXLYDOHQW�GLUHFWLRQ�>� � � @��
�
�
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�
�
�
�
�
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�
�
�
�
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�
�
�
�
�
�
�

%HORZ�\ RX�FDQ�VHH�WKDW�ZKHQ�\ RX�FKRRVH�< ��L�H���� � � � � �RU�7' � �GLUHFWLRQ�IRU�LQYHUVH�SROH�
ILJXUH�WKHQ�WKH�SODQHV�W\ SH�^� � � ` �WKH�SODQH��� � � � �LV�PDUNHG�RQ�WKH�UHG�LQ�WKH�ILJXUH���LV�
SHUSHQGLFXODU�WR�WKLV�GLUHFWLRQ�IRU�RULHQWDWLRQ�^� � � ` � � � � ! ��
�
�
��

������������������������������������������������������������������������

;

j:k*l�m�nPoJpSqUrSr-kEsStvu,oPn�w=mPlimPnEwJx

yKoUx(z,p*w=qUrSr-kEsStvu,oPn�w=mPlimPnEwJx
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ŠEŽE•PŽE•Z•J•
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ŽE•PŽ�•U’

ŠRŽE•*‹KŽE•J•

ŠŒ•J•WŽE•J•

‘

ŽE•*‹Z•U’

ŠY•J•PŽJŽ�•J•

ŠŒ•J•PŽ�•J•

‘

•J•PŽ�•U’

ŠRŽE•J•WŽE•J•

ŠO‹KŽ�•J•

‘

ŽE•Z•U’

ŠRŽJŽE•*‹Z•J•

ŠRŽJŽ�•J•

‘

ŽJŽ�•U’

ŠŒ•PŽE•WŽR‹Z•J•

ŠŒ•PŽ�•PŽE•J•
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•PŽ�•PŽE•U’

ŠY•PŽE•[Ž�•J•
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ŠEŽR‹Z•Z•
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•[ŽE•J’

ŠŒ•PŽE‹Z•PŽ�•J•

ŠY•[ŽE•Z•
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•PŽR‹Z•J’

ŠY•PŽJŽE•Z•J•

ŠY•PŽJŽE•Z•

‘

•PŽJŽE•J’

ŠŒ•v‹-ŽJŽE•Z•

ŠŒ•WŽE•J•J•

‘

•*‹KŽE•U’

$ UHD�,9
�6\ P ��( T��

$ UHD�9 ,
�6\ P ��( T��

$ UHD�9
�6\ P ��( T��

$ UHD�, , ,
�6\ P ��( T�� 0 DLQ�$ UHD

$ UHD�, ,
�6\ P ��( T��
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7KH�SHUSHQGLFXODU�GLUHFWLRQ�� � � � ! �ZLOO�UHSUHVHQW�WKLV�SODQH�RQ�WKH�LQYHUVH�SROH�ILJXUH��
%HFDXVH�GLUHFWLRQ� � � � � ! �GRHVQ¶W�EHORQJ�WR�WKH�XQLW�WULDQJOH� �PDLQ�� IXQGDPHQWDO�DUHD��
WKH�HTXLYDOHQW�GLUHFWLRQ�� � � � ! �IURP�XQLW�WULDQJOH�LV�FKRVHQ��
�
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%HORZ�\ RX�FDQ�VHH�WKH�LQYHUVH�SROH�ILJXUH�IRU�7' �GLUHFWLRQ�ZLWK�PD[ LPXP�IRU�GLUHFWLRQ�
� � � � ! ��� � � �� � ! � �GHWHUPLQHG�WKH��SODQHV��^� � � ` �RU�^� � �� � ` ��
������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

,Q�FDVH�RI�RULHQWDWLRQ�^� �� � ` � � � � ! �ZKLFK�LV�VKRZQ�RQ�WKH�ILJXUH�EHORZ�
�
�
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WKH�EDVDO�SODQHV�DUH�SHUSHQGLFXODU�WR�7' � �< ��GLUHFWLRQ�KHQFH�LQ�WKLV�FDVH�WKH�LQYHUVH�
SROH�ILJXUH�FDOFXODWHG�IRU�WKLV�GLUHFWLRQ�VKRZV�PD[ LPXP�IRU�� � � � ! �GLUHFWLRQ��
�
�
�
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���������������������������,QYHUVH�SROH�ILJXUH�FDOFXODWHG�IRU�GLUHFWLRQ�7 ' �
���������������0 RGHO�RI��FRP SRQHQW� �̂ �� � `� � � � ! ��) : + 0 �� � �GHJUHHV��
�
�
�
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%HORZ�\ RX�FDQ�VHH�WKH�SROH�ILJXUHV�^� � � ` �DQG�^� � � ` �FDOFXODWHG�IRU�PRGHO�PRGHO�RI��
FRPSRQHQW� �̂ � � � `� � � � ! �
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

3OHDVH� UHP HP EHU� WKDW� RULHQWDWLRQ� QRWHG� E\ � 0 LOOHU� LQGLFHV� ZKHQ� LV� H[ SUHVVHG� E\ �
( XOHU�DQJOHV�KDV�GLIIHUHQW�QRWDWLRQ�IRU�HDFK�KH[ DJRQDO�D[ HV�FRQYHQWLRQ���
) RU� H[ DPSOH� RULHQWDWLRQ� � ^� �� � ` � � � � ! � LV� HTXLYDOHQW� RULHQWDWLRQ� ^� �� � �� ` � LQ� WKH� ILUVW�
FRQYHQWLRQ�DQG�^� �� � �� � ` � LQ�WKH�VHFRQG�KH[ DJRQDO�D[ HV�FRQYHQWLRQ��3ROH� ILJXUHV�DQG�
LQYHUVH� SROH� ILJXUHV� DUH� WKH� VDPH� IRU� RULHQWDWLRQ� � ^� �� � ` � � � � ! � LQ� ERWK� FRQYHQWLRQ��
2 ULHQWDWLRQ�^� �� � �� � �LQ�WKH�ILUVW�FRQYHQWLRQ�LV�GLIIHUHQW�IURP�RULHQWDWLRQ�^� �� � �� � �LQ�WKH�
VHFRQG� FRQYHQWLRQ� KHQFH� RULHQWDWLRQ� H[ SUHVVHG� E\ � 0 LOOHU� LQGLFHV�� SROH� ILJXUHV� DQG�
LQYHUVH�SROH�ILJXUHV�DUH�GLIIHUHQW�LQ�WKH�ERWK�FRQYHQWLRQV��
�

( [ DPSOHV�IRU�RWKHU�6\ VWHPV�����������
�

�
�
�

�
�
�
�
�

�
( [ DP SOH�RI��WKH��3DUWLDO�,QYHUVH�3ROH�) LJXUHV�IRU��7HWUDJRQDO��6\ VWHP �

�GLVWULEXWLRQ�RI�� � � �5 ' ��� � � �7 ' �DQG�� � � �1 ' �VDP SOH�D[ LV���
�
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( [ DP SOH�RI��WKH�3DUWLDO�,QYHUVH�3ROH�) LJXUHV�IRU��7ULJRQDO��6\ VWHP �
�GLVWULEXWLRQ�RI�� � � �5 ' �D[ LV���

�
/ DER7H[ �FDOFXODWHV�,QYHUVH�3ROH�) LJXUH�� � � ��� � � �DQG�� � � �GXULQJ�2 ' ) �
FDOFXODWLRQ��8 VHU�FDQ�FDOFXODWH�,3) �IRU�RWKHU�GLUHFWLRQ��; <=��XVLQJ�GLDORJ�
ZLQGRZ��FOLFN�PRXVH�RQ�WKH�LFRQ�������� �
�
�
�
�
�
�
�
�
�
�
�
�
�
�
���������: DUQLQJ��/ DER7H[ �FDOFXODWH�; < =�,3) �IRU�LQWHJHU�; �< ��=�LQ�WKH�UDQJH�� �WR�� ��
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�
,Q�FDVH�RI�FU\ VWDO�V\ PPHWU\ �ORZHU�WKDQ�FXELF�LV�LPSRUWDQW�SURSHU�GHQRWDWLRQ�RI�
D[ LV�LQ�WKH�LQYHUVH�SROH�ILJXUH�SORW��<RX�DOVR�VKRXOG�LQSXW�SDUDPHWHUV�RI�FHOO�LQ�
SURSHU�PDQQHU��GHWDLOV�\ RX�FDQ�ILQG�LQ�PDQXDO��³3ROH�) LJXHV��5HJLVWUDWLRQ�DQG�
3ORW� &RQYHQWLRQV́ ��� <RX� FDQ� FKHFN� FRUUHFWQHVV� RI� D[ LV� GHQRWDWLRQ�� 3OHDVH�
SUHSDUH� PRGHO� IRU� V\ PPHWU\ � LQ� ZKLFK� \ RX� ZDQW� ZRUN� �/ DER7H[ ��! 0 HQX��
! 0 RGHOOLQJ���! 0 RGHO�2 ' ) ���/ HW��LQ�WKLV�PRGHO�SROH�ILJXUH�^� � � ` �KDV�PD[ LPXP�
LQ� 5 ' �/ � GLUHFWLRQ� �EXLOG� SROH� ILJXUH� IURP� 2 ' ) � XVLQJ� / DER7H[ ��! 0 HQX��
! &DOFXODWLRQ���! 2 ' ) �WR�$ 3) ���1 H[ W�EXLOG�IURP�PRGHO�2 ' ) �LQYHUVH�SROH�ILJXUH�
IRU� ; <=�  � � � � � �LQYHUVH� SROH� ILJXUH� IRU� 5 ' �/ � GLUHFWLRQ�� �/ DER7H[ ��! 0 HQX��
! &DOFXODWLRQ���! 2 ' ) �WR�,1 9 ����
�
��������������
�
�
�
�
�
�
�
�
�
�
�����������������3ROH�ILJXUH� �̂ � � `�ZLWK�PD[ LPXP�DURXQG�^5' �/ `�GLUHFWLRQ��
�
,Q�WKH�FDVH�ZKHQ�PD[ LPXP�LQ�WKH�LQYHUVH�SROH�ILJXUH�^� � � ` �LV�LQ�WRS�RI�SROH�
ILJXUH��\ RX�VKRXOG�ZULWH��0 HQX�( GLW��! / DER7H[ �RSWLRQV��GHQRWDWLRQ�RI�
FU\ VWDOORJUDSKLF�D[ LV�µ� � � ¶�WR�HGLWER[ ��µ<¶���
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: KHQ�PD[ LPXP�LV�IURP�OHIW�VLGH�RI�SROH�ILJXUH�WKHQ�\ RX�VKRXOG�ZULWH�
GHQRWDWLRQ�µ� � � ¶��WR�HGLWER[ ��µ; ¶���
�
�

������������������� �
�
�
�
�

��$ QDO\ VLV�RI�LQYHUVH�SROH�ILJXUHV�LQ�/ DER7H[ ���
��������������
� <RX�FDQ�DQDO\ ] H�LQYHUVH�SROH�ILJXUHV�XVLQJ�FXUVRU��/ DER7H[ �GLVSOD\ V�RQ�
WKH�OHIW�VLGH�RI��µ6WDWXV�%DU¶�LQWHQVLW\ �RI�LQYHUVH�SROH�ILJXUH�LQ�SRVLWLRQ�RI�FXUVRU��
,W�DOVR�GLVSOD\ V�^KNÒ�RI�SODQH�LQ�FXUVRU�SRVLWLRQ�DQG�YDOXHV�RI�DQJOHV��,Q�FDVH�RI��
KH[ DJRQDO�DQG�WULJRQDO�FU\ VWDO�V\ VWHPV�/ DER7H[ �XVH�0 LOOHU�%UDYDLV�LQGLFHV��
^KNLÒ��/ DER7H[ �VKRZV�SURSHU�^KNÒ�LQGLFHV�LI�\ RX�LQWURGXFH�FHOO�SDUDPHWHUV�
DQG�LQGLFHV�RI�SROH�ILJXUHV�WR�2 ' ) �FDOFXODWLRQ�LQ�FRQYHQWLRQ�GHVFULEHG�LQ�
PDQXDO��³3ROH�ILJXUHV��UHJLVWUDWLRQ�DQG�SORW�FRQYHQWLRQV́ ���3RVLWLRQ�RI�SODQH�RQ�
WKH�LQYHUVH�SROH�ILJXUH�LV�GHSHQG�RQ�FHOO�SDUDPHWHUV�IRU�FU\ VWDO�V\ PPHWU\ �ORZHU�
WKDQ�&XELF��/ DER7H[ �VKRZV�^KNÒ�RU�^KNLÒ�IRU�LQGLFHV�XS�WR�PD[ LPDO�YDOXH�
HTXDO�� � ��<RX�FDQ�GHFUHDVH�WKLV�YDOXH�XVLQJ�GLDORJ�µ0 D[ ��9 DOXH�RI��0 LOOHU�
,QGLFH¶�IURP�PHQX�µ$ QDO\ VLV¶��



��7KH�1 RP HQFODWXUH�RI�,QYHUVH�3ROH�) LJXUHV�8 VH�LQ�/ DER7H[ ������

�/ DER7H[ �� �7KH�7H[ WXUH�$ QDO\ VLV�6RIWZDUH�
�
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%HORZ�\ RX�FDQ�VHH�H[ DPSOH�RI�SDUWLDO�LQYHUVH�SROH�ILJXUH�IRU�&XELF�&�6��DQG�
µ6WDWXV�%DU¶�ZLWK�LQIRUPDWLRQ�DERXW�LQWHQVLW\ �RI�LQYHUVH�SROH�ILJXUH�LQ�SRVLWLRQ�
RI�FXUVRU��FORVH�WR�ORFDO�PD[ LPXP��DQG�LQIRUPDWLRQ�DERXW�KNO�RI�SODQHV�ZKLFK�
OLHV�LQ�SRVLWLRQ�LQGLFDWHV�E\ �FXUVRU��L�H��^� � � ` �LQ�WKLV�H[ DPSOH���
�
�

�
�
�

%HORZ�\ RX�FDQ�VHH�FKDQJH�RI�WKH�SRVLWLRQ�RI�SODQHV�^� � �� � ` �RQ�WKH�LQYHUVH�SROH�ILJXUHV�IRU�
VDPSOHV�ZLWK�GLIIHUHQW�FHOO�SDUDPHWHUV��+H[ DJRQDO��&U\ VWDO�6\ VWHP���
�


